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Abstract. Constructions of semidirect sums of p [ Z p ]  Clifford algebras Cl,.[Cl.,l have 
recently appeared in supersymmetric developments. Moreover they are also related to 
specific properties on realizations of Green-Cusson's ansitze when parabosons of order p 
are concerned. We show that such semidirect sums are isomorphic to unitary Lie superalge. 
bras. We also give a corresponding realization in terms of the basis elements of 
CI,,+,,~,[C1,,+2,~2, n = 2m or n = 2m -I] .  Each case is discussed according to the parity 
of p ,  i.e. p = 2 q  or p =2q-  1. 

1. Introduction 

Supersymmetric formulations of quantum mechanics [ I ]  have recently enhanced the 
role played by the so-called fermionic variables. These quantities are in fact issued 
from Clifford algebras [Z] or from semidirect sums (i.e. the generators do not anticom- 
mute and give rise to non-trivial antisymmetric tensors) of two of such structures [2, 31 
according to the different (already known) supersymmetrization procedures. In these 
simplest cases, it is easy to put in evidence the Clifford algebra CI,. when the standard 
procedure is used to describe n fermions [l, 31 while the semi-direct sum CI. 0 CI, 
naturally appears wnen the spin-orhit coupling procedure is under study [3]. The 
above two structures are not equivalent and it has recently been shown [41 that the 
last one is in'fact intimately related to Lie unitary superalgebras [SI. 

The extension of statistics to parastatistics [6] and especially the use of Cusson's 
realization of the Green ansatze [7] when parabosons of order p are concerned have 
revealed new properties in supersymmetric quantum mechanics. Indeed let us consider 
the new supercharge [ 8 ]  

where ay+i j - , )p is the usual (hosonic) annihilation operator, belongs to a Clifford 
algebra CI, and p is the order of paraquantization [6,7]. The operators A,= 
.XzLi, aw+(j-3&, ( j  = 1,. . . , n) actually constitute a set of parahosonic annihilation 
operators [SI. 

It is well known [3,4] that the odd quantities t*,, ( j  = 1,. . . , n) have in general to 
satisfy 

{ t + , j , c + , k } = { c - , j ,  t - . k ) = o  ( 1 . 2 ~ )  

(1.26) 

(l.2c) 

.- 
{Sf+,,, t - , k )  = sjk - l = j k  - -+-: = --. - 
( # + . j ) + =  5-.j .ijk = 
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By defining the new Hermitian operators 

(1 .3 )  p. =. 
P j  = 5+.j  + 5-.j ,+” ‘(5-.J - f+.;) 

the relations (1 .2a)  and (1 .2b)  can also be written 

{P;,Pk}=z8;k {flj+n, flk+n)=28,k ( 1 . 4 a )  

{P;, Pk+n)=2E;k. (1.4b) 

As a consequence, these operators generate the already mentioned structures Cl2. 01 

CI, U Cl. if the antisymmetric matrices Ejk are identically zero or not, respectively. 
We just recall here that, in the second case (corresponding to the spin-orbit coupling 
supersymmetrization procedure as already mentioned), it is possible to reduce [9] the 
dimension of the matrix realization by imposing linear dependences between the 
fermionic quantities. They will lead to 

( 1 . 5 )  
- 
=Jk = - 8 k , j + ,  

if we choose 

P 2 j  = Pn+2; -1  (1.6) 

This clearly announces that we have to take care of the parameter m in this case while 
it is not necessary in the standard developments. 

Moreover, if, by coming back on the parastatistical point of view subtended here, 
allthe2npfermionicquantities [e@.$*j orequivalentlythesets{[,0P;) and {.&,Opj+,} 
have to be considered, let us recall that we have pointed out [ S I  that the above structures 
are always extended to the semi-direct sums of p terms 

( 1 . 7 a )  

P2,--I = -P.+2; ( j =  1 , .  . . , m ;  n = 2 m  or n = 2 m - l ) .  

Cl,, 0 CI,, 0.. . 0 Cl,, 

or 

[Cl, 0 Cl,] 0 [CI, Cl”] 0.. . U  [Cl, U Cl.] (1 .7b)  

respectively, according to the cancellation or  not of the Ejk s. The particular case p = 1 
which precisely corresponds to the non-para context leads to (1.4) only. The operators 
.$,@p,, &,@p,+, where j runs from 1 to n and is fixed, generate fixed Cl,, in ( 1 . 7 0 )  
and a fixed Cl, 0 CI, in (1 .76) .  They give rise to a new supersymmetric Hamiltonian 
[8] defined as usual by the anticommutator of Q ( = ( l . l ) )  and its Hermitian conjugate. 

We thus obtain 

( 1 . 8 )  

if p = 2 q  or p = 2y - 1 .  I t  superposes np bosons and np fermions and all the already 
studied Hamiltonians [ 3 , 1 0 ]  are recovered when p = 1 Consequently, we will mainly 
consider in the following Section the new case p 3 2 related to parastatistical consider- 
ations, the effective purpose of this paper. 

- “ P  

@[‘$+.,, e - . k ] - f  E E {a++l)-l lp, ~~+(A- t l i? l I2 ’@=jk  
J t l  + = a  
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2. The case p 2 2 

The fermionic variables associated with the general case p a 2  are not easily realized 
but they are simply related to unitary Lie superalgebras as we want now to show 
through the following two propositions (in correspondence with the semidirect sums 
( 1 . 7 ~ )  and (1.76) respectively). Let us consider successively the standard and spin-orbit 
coupling contexts. 

2.1. The standard context 

Let us start with (2n +2q  - 2) basis elements ax generating a Clifford algebra C12,+,,-2, 
i.e. satisfying 

{a;, aJ=28,l, ( j , k = l ,  . . . ,  2n+2q-2) .  (2.1) 

Lemma 1. I f p  = 2 q - I  (> l), the fermionic operators g,.,Op,, .$@pj+, can be realized 
as follows when {P,, Pk+,,} = 0: 

5,@P, =a, (2.2a) 

t Y 0 p j  = i‘(-1)“+’a1.. . [a,]. . . a2u-Iaj+2q--2 (2.26) 

(2.2c) 

( j = 2 , .  . . , n )  

e,@ pj+. = i’(-l)++’a, . . . [a,] . . . a+, aj+,.+2,-, ( j =  I , . .  . , n) 

where p = 1 , .  . . , p ,  r = 1 (2) if q is even (odd). If p = 217, the supplementary following 
generators have to be added to the previous ones: 

5 2 y 0 p I  = i’a2,, . . . a2n+2q--2 (2.3a) 

&@pj =i’+’(-~)’+’a, .  . . [a,i+2q--1]. . . a20+2q-2 (2.36) 

&q 0 pj+. = i’+’(-1)J+’+“a, . . . [a,+.+2,-2] . . . aln+2q-2 ( j = 1 ,  ..., n )  ( 2 . 3 ~ )  

yhere s = 1 (2) if n is even (odd). Notice that the notation [k] inside a product means 
,‘ that th\eYactor k is missing. 

i ’ Proof: The following anticommutation relations (2.4) are easily determined and are 

( j = 2 , .  . . , n )  

I 

\ 

I sufficient to,prove our assertion if p = 2q - 1: 

{t!’ 0 PI 1 5.0 P I  I,= { e,@ Pj ,5” 0 P;I = {5&’ 0 Pj+n 9 5” 0 P;+n } = 2 8, Y 

\ 
( 2 . 4 ~ )  

\ 

I&@p,, \ &@pj)=2i’(-1)*+”a,. . . [a,]. . . [a,,]. . . a2q-,a,+2q-2 

= - { 5 ” 0 P , , e , @ P ; )  (2.4b) 

{.&@p,, 5.0Pj+,) = 2ir(-1)*+”a, . . .[a,].  . . [a..]. . . azy-,aj+,~+zu--2 

(2.4c) 

\ ( j Z  k )  (2.4d) 

(2.4e) 

= - { 5 . 0 P 1 , . g , @ P i , . . l  
’ ‘16s @p;, 5 u @ P l , )  = -2n,a,ffj+2,-2al,+2,-’,= - { 6 u @ P j ,  c+@Pk] 

{g+@Pj ,  t U @ P k + , )  = - 2 a , o l , . a ; + 2 u - 2 a l + n . + . ~ ~ ~ 2  =-{tz,.@P;, g + @ P k + n ]  

(5, @ P j + n ,  t , , @ P k + n }  = - 2 u , a , . u , + . + 2 , - 2 a k + n 1 2 4 - 2  

= - { t . @ P j + n ,  ‘ $ @ P k + . n l  ( j  # k ) .  (2.4f) 



4718 N Debergh 

The case of even p is settled by computing the non-vanishing relations (2.5) and (2.6): 

I # 2 , @ P l ,  t,,OPJ=2 ( 2 . 5 0 )  

{ f Z q @ P i ,  f 2 q  @ P k }  = ( (2q  @P;+,, #2q @ P k + r x )  =24h ( 2 . 5 6 )  
it,, @ P I ,  f Z q  @ Pj }  = 2i '+'( - 1 )'+"a, . . . [a,] . . . [ CX,+~,-J . . . a2n+2q-2 

{ t ,@~, ,  f2q@Pj+n}=2ir+r(-l)  

= - {6zq@P, ,  6 , @ P j 1  (2.6a) 
i+*+n 

a l  ... [a,] ... [aj+,+,,-,]. . . a2n+2q-2 

= - { 5 2 q  @ P i,t+ 0 Oj+"} ( 2 . 6 6 )  
{6+@Pj, 6 2 q @ P X I = 2 i r ( - l ) j t k a , a 2 q . .  . [aj+lq-?], , , [ a k + Z q - 2 1 . .  . a > n + 2 q - 2  

(2.6c' i = - { 6 2 q Q P j ,  6 , @ P k l  ( j  f k) 

= -{52,@P,, & ' @ P k + " )  (2.6d) 

j + k + n  {6,@P;, 6 2 q @ P k + n ) = 2 i s ( ( - 1 )  a~a2q..  . [ a j + 2 , - 2 1 . .  . [ a k + n + Z q - - 2 1 . ,  , a 2 n i 2 q - 2  

{t,@pj+", 5 2 q @ ~ k + n ~  = 2is(-l)'+*a,a2,. . . 
= - { f 2 q @ 0 ; + n 9  f w @ P k + * }  ( j  # k ) .  ( 2 . 6 e )  

Equations (2.5) mean that we obtain another Cl,, and this Clifford algebra is in 
semidirect sum with the other ones in a right way (see (2.6)). 

Proposifion 1 .  The semidirect sum of p (=2q - 1 or 2 q )  terms CI,, U CI,. 0.. . U CI,, 
is isomorphic to the unitary superalgebra s ~ ( 2 " + ~ ~ ~ 1 2 " + ' ~ ~ ) .  

Proof: Let us start with the realization given in lemma 1 when p = 2q - 1. It gives rise 
to even operators quoted in (2.4b-f). Their commutation relations put in evidence 
new even generators realized as spay. a,+2q-2ak+zq-2, aj+2s-2ak+n+,,-2, 

. [ a k + n + 2 g - 2 1 . .  . azn+2q-2 

a j + n + 2 y - 2 a k + n + 2 q - 2  and, in general, 

a,. . . [a,]. . . [a,]. . . [a,] I . .  [ a , ] .  . . a 2 y - , a k + 2 q - 2  

a, ...[ a,] ...[ a . ] .  ..[a,] ... [aT].. . a2q-,ak+n+2q-2 where we have omitted 21 ( t '  
1,. . . , q - 1) terms. In particular, we obtain by this way acak+2p-2 and apalin+iq-2. 

We have thus recovered all the ( n  + q - 1)(2n + 2 q  -3) possible products of tWO a's. I 

By commutation relations with the previous a, ( p = l ,  . . . , 2 9 -  l ) ,  we get 
. . , a2n+2y-2. Going on with this procedure, we can obtain all the 2*"+"-, elements. 

belonging to the vectorial space subtended by Cl,,+,,_, except the so-called canonical 
element [4 ,11 ]  

, /  f 3 , 

i 

I 

~ i = a , . . . a ~ ~ + , ~ - ~ .  I (2.7) 
/ 

We thus recover the corresponding conditions of [ 4 ]  and we caddeduce that these 
operators generate the superalgebra s~(2"+'-~(2"+~-'). In particular, the generators 
corresponding to the p = 2q-case are included into this superstrdture. This concludes 

/ 

the proof. / 

2.2. The spin-orbit coupling context 

The second structure ( 1 . 7 b )  can be studied in a perfectly similar way and we just 
propose to quote the results. By recalling that we have to take care of m instead of 
the previous n (see (1 .6 ) ) ,  let us start here with (2m+2q-2 )  basis elements a k  Of a 
Clifford algebra CI,,,,+,,-2. 
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Lemma 2. If p = 2q- 1 ( > I ) ,  the fermionic operators 5,0pj, 
as  follows when {p j ,  Pk+"} = 2Ejx : 

&@PI =-5,@l3,+2=", (2.8a) 

&Opu =fwOPn+2j-I =i'(-1)"+'aI.. .[a,]. . . n2s-1~2j+, , - ,  

4719 

can be realized 

( j = 1 ,  ..., m )  (2.86) 

&@@,-, = -[,@p,,2j = i ' ( - ~ ) + + ' a ; .  . . [a I I ! .  . ~ c~,--:a-:~--- ,  _ . _ * ~ i  
L1 

( j = 2 , .  . . , m )  ( 2 . 8 ~ )  

where p= 1,. . . , p ,  r =  1 ( 2 )  if q is even (odd). If p =Zq, the generators (2.9) have to 
be added to the previous ones: 

(2.9a) 

(2.9b) 

s ~ ~ @ P ~ ~ - ~  = -t2,,@pnt2, =i'% . . . [ ~ 2 , + 2 q - - 3 1  . . . ~ 2 , . , + 2 ~ - ~  

( j = 2 , .  . . , m) ( 2 . 9 ~ )  

where s = 1 ( 2 )  if m is even (odd). 

Proposition 2. The semidirect sum of p (=2q-1  or 2q) terms [CI, OC!.] 
0.. .U [Cl, 0 Cl,] is isomorphic to the unitary superalgebra if 
n = 2 m  o r n = 2 m - I .  

As a final comment, let us notice that the order of s ~ ( 2 " + ~ - ~ 1 2 " + ~ - ~ )  
[su(2"+"2~2"+'- ' )]  is (22"+2"2_ * )  [ (22"+24-2-  l ) ] .  I t  corresponds to the dimen- 
sion of the vectorial space spanned by Cl,,+,,~,[Cl,,+2,~,] where the canonical 
element A = (2.7) has been omitted as it cannot be generated through the structure 
relations between odd and even operators. However, let us mention that if we would 
Lo.... ..YvC *-Lo- LOLnr.. caie of A, we x x ! d  have mcwered !he supera!geh:a 
U(2"+4-2)2"+q-2 )[u(2 m+q--2 I 2 ""2)]. 
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