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Abstract. Constructions of semidirect sums of p{2p] Clifford aigebras Cl,{Cl,] have
recently appeared in supersymmetric developments. Moreover they are also related to
specific properties on realizations of Green-Cusson's ansiitze when parabosons of order p
are concerned. We show that such semidirect sums are isomorphic to unitary Lie superalge-
bras. We also give a corresponding realization in terms of the basis elements of
Cly,yzy-ICla i 2gz, 7= 2m oF 1 =2m —1]. Each case is discussed according to the parity
of p,ie. p=2qo0rp=2g—1.

1. Introduction

Supersymmetric formulations of quantum mechanics [1} have recently enhanced the
role played by the so-called fermionic variables. These quantities are in fact issued
from Clifford algebras [2] or from semidirect sums (i.e. the generators do not anticom-
mute and give rise to non-trivial antisymmetric tensors) of two of such structures [2, 3]
according to the different (already known) supersymmetrization procedures. In these
simplest cases, it is easy to put in evidence the Clifford algebra Cl,, when the standard
procedure is used to describe n fermions [1,3] while the semi-direct sum Cl1, O Cl,
naturally appears when the spin-orbit coupling procedure is under study [3]. The
above two structures are not equivalent and it has recently been shown [4] that the
last one is in'fact intimately related to Lie unitary superalgebras [5].

The extension of statistics to parastatistics [6] and especially the use of Cusson’s
realization of the Green ansitze [7] when parabosons of order p are concerned have
revealed new properties in supersymmetric quanitum mechanics. Indeed let us consider
the new supercharge [8]

n o p
Q=% L Gur(-1pE.Dés (1.1}

J=1 p=1
where @,.4(;_1), is the usual (bosonic) annihilation operator, {, belongs 1o a Clifford
algebra Cl, and p is the order of paraquantization {6,7]. The operators A;=
EZ,:[ . -upts (i=1,..., n) actually constitute a set of parabosonic annihilation
operators [8].
~ Itis well known [3, 4] that the odd quantities £, ; (j=1,..., n} have in general to
satisfy

{§+.j9§+,k}:{§—-.js £_x}=0 (1.2a)
(€ s & i) = 8 ~1E i (1.26)
(§+‘j)1-= & Hi = —Ey E'=3 (1.2¢)
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By defining the new Hermitian operators

Bi=8Té B =1(&_ ;— &, ;) (1.3)
the relations (1.2a) and (1.2b) can also be written

{B), Bit =28 {Bisns Brant =284 (1.4a)

{8, Birn} =28 . (1.4b)

As a consequence, these operators generate the already mentioned structures Cl,, or
Cl, OCl, if the antisymmetric matrices =, are identically zero or not, respectively.
We just recall here that, in the second case (corresponding to the spin-orbit coupling
supersymmetrization procedure as already mentioned), it is possible to reduce [9] the
dimension of the matrix realization by imposing linear dependences between the
fermionic quantities. They will lead to

Eje = =8 (1.5)

if we choose

B2 = Brajt Baj1 = —Bavaj (j=1,....myn=2morn=2m-—1). (1.6)

This clearly announces that we have to take care of the parameter m in this case while
it is not necessary in the standard developments.

Moreover, if, by coming back on the parastatistical point of view subtended here,
all the 2np fermionic quantities §, ® £, ; orequivalently the sets {£, ® 8;} and {£,® B}
have to be considered, let us recall that we have pointed out [8] that the above structures
are always extended to the semi-direct sums of p terms

CL,0CL,O0...0CL, {(1.7a)
or
{1, 0, ]OC, 0O¢,10...0[G, 00,] (1.7b)

respectively, according to the cancellation or not of the Zy 5. The particular case p=1

which precisely corresponds to the non-para context leads to (1.4) only. The operators

£.9B, £,9B;., where j runs from 1 to n and wu is fixed, generate fixed Clp, in (1.7a)

and a fixed Cl,, O Cl, in (1.7b). They give rise to a new supersymmetric Hamiltonian

[8] defined as usual by the anticommutator of Q(={1.1)) and its Hermitian conjugate.
We thus obtain

n P P n
Hgs =% ) {a,u.+(‘j—l)p! a:ﬁ(j——l)p}"'f 'Z] Iz°®[§+._f, f—,;]
= =

=1 p=1

n r

* t

+3 LY (@uaimtp@erkonyp ™ Qoo 11p 9 rin-tip) ubs
k=1 p#v .

i r T —
R+ 5—.k]_‘£ Z Z {8cii i Auri-n p HP @ 2 (1.8)
AR =i
if p=2¢ or p=2g—1. 1t superposes np bosons and np fermions and all the alre_ady
studied Hamiltonians [3, 10] are recovered when p = 1. Consequently, we will ma.un]y
consider in the following Section the new case p =2 related to parastatistical consider-
ations, the effective purpose of this paper.
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2. The case p=22

The fermionic variables associated with the general case p =2 are not easily realized
but they are simply related to unitary Lie superalgebras as we want now to show
through the following two propositions (in correspondence with the semidirect sums
(1.7a) and (1.7b) respectively). Let us consider successively the standard and spin-orbit
coupling contexts.

2.1. The standard context

Let us start with (2n+2¢q — 2) basis elements a, generating a Clifford algebra Cl;,,424-2,
i.e. satisfying

{aj,ak}::zajk (j,k=1,...,2n+2q-2). (21)

Lemma 1. 1f p=2g—1 (> 1), the fermionic operators £, ® B;, £, & B,,, can be realized
as follows when {f;, Bin} =0:

§“®Bl = a,m (2.2(1)
§u®ﬁj=ir(_l)”+lal-'-[a!u.]"-a2q—laj+2q-—2 (j=2,...,") (2.2b)
ERBia=1(-1)*"a ... [e]. .. dry Xinizg (j=1,...,n) (2.2c)

where u=1,...,p, r=1(2)if g is even (odd). If p =24, the supplementary following
generators have to be added to the previous ones:

L@ B =Tag. .. G122 (2.3a)
§2q®ﬂ3j = iH—S(*l)"H‘lal e [a_i+2q'-2] e a2n+2q—2 (J = 2, caey n) (2.3b)
§2q®ﬁj+n = 'r+5(_1)j+1+n [ '+n+2q 2] a2n+Zq 2 (j = 13 MREAE ] n) (2 SC)

where s=1{2) if n is even (0dd). Notice that the notation [ k] inside a product means
that thc‘factor k is missing.

Proof. The following anticommutation relations (2.4} are easily determined and are
sufficient to-prove du\r assertion if p=2g—1:

{608, £.8B L= {688, £,©8,) = {£,®Bjun, £, OBjn} =28, (2.4a)
{§M®ﬁ,,\§p®3,-} =207 (—1)*"a; . fa]. (@] Gy @azg-

=—{£,.®B,, L. BB} (2.4b)
{£.® ), £:OBa} =20 (—1)*"ay .. [e] . (@] 22y 1050 aangea

=—{£.®B), £, @B} (2.4¢)
{6.® B, £.8 By} = 20,0012 -20ks24"2 = 6B B, £,8 B (G=k)  (24d)
{£.®B;, £.@Brun) = —20,0005,70 20k na2y-2= —{E. BB, £, @ Brrnt (2.4e)

{gu ®ﬁj+n; §V®Bk+n} = _2a.u.a|'aj+n+2q—2ak+ﬂ4"21{—2
= _{§v®ﬂj+ns §#®Bk+n} (.] #* k)- \ (2.4f)
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The case of even p is settled by computing the non-vanishing relations (2.5) and (2.6):

{£2®B1, 6,88} =2 (2.5a)
{£20@8), £, BB} = {£24 O Bjrny 2q @ Bruwn} =284 {2.5b)
{£.@8, é"zq@)ﬁj]’""2ir+s(‘1)j-._’L cled. [ Ojzg2] . . «@onyag 2

=—{£408,, .88} (2.6a)
{§p®ﬁl ) §2q®ﬂj+n} =25r+5("1)j+#+”a’1 e [0’#] . [aj+n+2q—2] v Xapa2g-2

=—{£,@B1, £, Bin} (2.6b)
{§#®Bj’ §2q®Bk}= 215(*1)j+kauazq cee [04,5+2q—2] v [ak+2q—2] s Qapyog-2

= {6248, £, 0B} (i#k) (2.6¢)
{§p®'6j= §2q®f3k+n} = 2is(—1)'j+k+"agazq B [ FEYTY P [ak+n+2q‘2] B S TRY, P

= {608, §.@Bi+n} (2.6d)
{§u®18j+m §2q @ Brrnt= 215("1)j+kauﬂzq e [aj+n+2q—2] cee [ak+n+2q—2] B L P )

= _{§2q®.6j+ns §p®3k+n} (J # k). (2-6‘—’)

Equations (2.5) mean that we obtain another Cl;, and this Clifford algebra is in
semidirect sum with the other ones in a right way (see (2.6)).

Proposition ]. The semidirect sum of p (=291 or 2g) terms Cl,, JCl,, O0...0Cl,,
is isomorphie to the unitary superalgebra su(2"79 2"972),

Proof. Let us start with the realization given in lemma 1 when p=2q4 - 1. It gives rise
to even operators quoted in (2.4b-f}). Their commutation relations put in evidence
new even generators realized as  o,0.,  @iag20k424-2,  Ojrg 2®iini29-1

QX4 n+2g-20k+n+29-2 andv n generals

el e, ) [agd [e]... Qg1 X292

el (). e, [@,]. .. @2y 1@kint2g-2 Where we have omitted 21 (¢ =
1,...,¢q—1} terms. In particular, we obtain by this way a,a,.,,.» and O'#ak-i‘-ﬂ+2qI.72-‘
We have thus recovered all the (n+g - 1){2n +2g —3) possible produ’éts of two a’s.
By commutation relations with the previous o, (u=1,...,2¢—1), we get,
®2gs - - - s Hans24-2- Going on with this procedure, we can obtain all}he 2322 elements
belonging to the vectorial space subtended by Cly.i2,4-2 except the so-called canonical
element (4, 11] ‘

A=a, ... ¢ypi24-2 / (2.7)

We thus recover the correspondmg conditions of [4] and we can/ deduce that these
operators generate the superalgebra su(2”*¢7%|2"97%), In partichlar, the generators
corresponding to the p =2g-case are included into thls superstru{:ture This concludes
the proof. o 7 '

2.2. The spin-orbit coupling context

The second structure (1.7b) can be studied in a perfectly similar way and we just
propose to quote the results. By recalling that we have to take care of m instead of
the previous n (see (1.6)), let us start here with (Zm+2g— 2) basis elements «, of a
Clifford algebra Cl,,,5,».
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Lemma 2. 1f p=2q—1 (>1), the fermionic operators £,® 8;, £, ® B;+, can be realized
as follows when {8;, By, .} =22,

.08 =—6.88,,=a, (2.8a)
@By = €@ Bragi 1 =1"(-1)"ay ... [e.] ... d2g 102029

(j=1,...,m) (2.8b)
E,®By = —E.0B=1"(-1)""a; ... [a,). .. ang a0,

(G=2,...,m) (2.8¢)

where w=1,...,p, r=1(2) if g is even (odd). If p =24, the generators (2.9) have to
be added to the previous ones:

£, R B =5, BB =12, .. Gzpizg2 (2.9a)
£,® By = §2q®.3n+2jﬂ = —iHsC\H ca [a2j+2q—2] ces Mmyag2

(=1,...,m) (2.9b)
£2,®Byjo1= —E1,®Burz; =11 .. [@ju2g-3) -« Q2mr2ga

(j=2,...,m) (2.9¢)

where s =1 (2) if m is even {odd).

Proposition 2. The semidirect sum of p (=2¢-1 or 2q) terms [Cl,OCl,]
O...0[Cl, OCl,] is isomorphic to the unitary superalgebra su(2”97%27%972) if
n=2morn=Im-—I1.

As a final comment, let us notice that the order of su(2""9 3277973
[su(2m™ e 2(2m*9=2)] jg (227*2972—1) [(22""2972—1)]. It corresponds to the dimen-
sion of the vectorial space spanned by Clz,vz24-2[Clz,-2] Where the canenical
element A=1(2.7) has been omitted as it cannot be generated through the structure
relations between odd and even operators. However, let us mention that if we would

ayn  talkan cara of A we would have recaovared the cuneraloshra
dve  aXén  car¢  Of iy, w¢e wouG nave recovered e supcra.genra

u(2n+q_2§ 2n+q—2)[u(2m+q—2 I 2m+q—2)]-

Acknowledgments
Fruitful diccnecinng with Profeccar J Reckers are cordiallv acknowledeed
A LRLIRI U MAIJWUISIUFILD FYILIL 4 AW LI o AFwwiiwil g Wl v WL e 41y BRARAn o e e

References

[1] Witten E 1981 Nucl Phys. B 188 513

[2] Sattinger D H and Weaver O L 1986 Lie Groups and Algebras with Applications to Physics, Geometry
and Mechanics (Berlin: Springer)

[3] Beckers J, Dehin D and Hussin V 1987 J. Phys. A; Math. Gen. 20 1137, 1988 21 651

[4] Beckers I, Debergh N, Hussin V and Sciarrino A 1990 J. Phys. A: Math. Gen. 23 3647

{51 Bars 1 1984 Supergroups and their Representations. Introduction to Supersymmetry in Particle and Nuclear

Physics ed O Castanos, H Frank and L Urrutia {(New York: Plenum) pp 107-84



4720 N Debergh

[6] Ohnuki Y and Kamefuchi S 1982 Quantum Field Theory and Parastaristics (Takyo: University of Tokyo
Press)
[7] Green H S 1953 Phys. Rev. 90 270
Greenberg O W and Messiah A M L 1965 Phys. Rev. B 138 1155
Cusson R Y 1969 Ann. Phys., NY 55 22
[8] Beckers J and Debergh N 1991 On supersymmetric harmonic oscillators and Green-Cusson's Ansiitze
J. Math. Phys, in press
[9] Debergh N 1991 J. Phys. A: Math. Gen. 24 147
[10] Kostelecky ¥V A, Nieto M M and Truax D R 1985 Phys. Rey. D 32 2627
[11] Li D, Poole C P and Farach H A 1986 .. Math. Phys. 27 1173



